Abstract In this study, mixed convection heat transfer of water-Cu nanofluid in a double liddriven cavity has been analyzed by lattice Boltzmann method. The double lid-driven are insulated and the side walls have sinusoidal temperature distribution. Simulations have been carried out at constant Grashof number 100, the Richardson numbers of 0.01, 0.1,1,10 and 100, temperature phase deviation of 0, p=4, p=2, 3p=4 and p, the solid volume fraction from zero to 0.06 and the Prandtl number of 6.57. The thermal modeling of passive scalar is applied and two separate distribution functions for the flow and temperature fields are considered. In order to calculate the thermal conductivity coefficient of nanofluid, constant and variable properties models are used. The results showed that in high Richardson numbers, the effect of the thermal phase deviation changes on the flow pattern is evident and in low Richardson numbers, the phase deviation changes do not affect the flow pattern. In all thermal phase deviations by reducing the Richardson number, the Nusselt number increases and thus the heat transfer increases. Also the average Nusselt number obtained for the constant properties model is higher compared with that of variable properties model. 
Introduction
Fluid flow and heat transfer in a cavity which is driven by buoyancy and shear force are discussed in variety of thermal engineering applications such as food processing and float glass production, solar collectors, lake and reservoirs, nuclear reactors, solar ponds and crystal growth [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Interaction of buoyancy force due to temperature gradient with forced convection due to shear forces is a complex phenomenon called mixed convection. Numerous researches have been published in this type of problem such as the single or double liddriven cavity flow and heat transfer involving different cavity configurations, various fluids and imposed temperature gradients in the last two decades. For example, Sharif [13] studied laminar mixed convection in a shallow inclined cavity where the top wall is warm and the bottom wall is cool. He indicated that the average Nusselt number increases by increasing cavity inclination angle for forced convection-dominated regime (Ri = 0.1) while it increases more rapidly for natural convection-dominated regime (Ri = 10). Tiwari and Das [14] numerically investigated the mixed convection heat transfer and fluid flow of Cu-water nanofluid in a square cavity with top and bottom insulated walls and differentially-heated moving sidewalls. They found that when the Ri = 1, the average Nusselt number increases substantially with augmentation of the volume fraction of the nanoparticles. Muthtamilselvan et al. [15] numerically examined the mixed convection flow and heat transfer of Cu-water nanofluid in a lid-driven rectangular enclosure. The sidewalls of the enclosure were adiabatic while the horizontal walls were kept at constant temperatures and the top wall moved at a constant velocity. Arefmanesh and Mahmoodi [16] performed a numerical study to examine the effects of uncertainties of viscosity models for the Al 2 O 3 -water nanofluid on mixed convection in a square cavity with cold left, right, and top walls and moving bottom hot wall. Their results showed that the average Nusselt number of the hot wall increases by increasing the volume fraction of nanoparticles for both viscosity models which are used. Mazrouei Sebdani et al. [17] conducted a numerical simulation to investigate effect of nanofluid variable properties on mixed convection in a square cavity with moving cold side walls and a constant temperature heater on the bottom wall. Their results showed that the heat transfer of the nanofluid could be either enhanced or alleviated with respect to the base fluid which depends on the Reynolds number and Rayleigh number. The other applications of the mixed convection can be found in Ref. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
Numerical methods in the recent years have a lot of advantages in solving the heat transfer and fluid flow equations. One of these methods that grows rapidly and has a widespread application in industry is lattice Boltzmann method. Nemati et al. [37] have examined the mixed convection heat transfer in a lid-driven cavity using Lattice Boltzmann simulation. They showed that by increasing the volume fraction of nanofluid, heat transfer rate increases and this augmentation is more for Cu, CuO and Al 2 O 3 nanofluids, respectively. Rabienatajdarzi et al. [38] simulated mixed convection heat transfer in a lid-driven square inclined cavity in different inclination angles by using the lattice Boltzmann method. The vertical walls of the cavity are insulated, while the bottom wall is warm and upper wall is cold and is kept at a uniform temperature. Their results showed that the heat transfer rate is independent of the tilt angle for the Richardson number 0.01 and when the Richardson number increases, heat transfer rate also varies. Karimpour et al. [39] investigated the laminar mixed convection heat transfer in a lid-driven rectangular enclosure by use of the lattice Boltzmann method. They applied double distribution function thermal model in various Richardson numbers, tilt angles and Prandtl numbers. According to their results, when the Prandtl number increases, the heat transfer rate increases too. Other researches in the field of lattice Boltzmann method are presented in [40] [41] [42] [43] [44] [45] .
Considering the previous studies, it is clear that no research is conducted in the field of mixed convection heat transfer in double lid-driven cavities with sinusoidal temperature distribution on sidewalls by use of the lattice Boltzmann method. In this study, by considering a square cavity, the effect of the Richardson number, the type and concentration of nanoparticles and sinusoidal temperature phase change on the heat transfer and flow field are examined. Also by adding nanofluids, a comparison between the two models, constant properties and variables properties, is done. Fig. 1 shows the studied geometry with the boundary conditions. The square cavity has double lid-driven and insulated and the side walls have sinusoidal temperature distribution and the right side wall has a temperature phase deviation. The cavity is filled with water-Cu nanofluid. Thermophysical properties of water as a base fluid and Cu nanoparticles are presented in Table 1 .
The governing equations and boundary conditions
Before introducing the governing equations, the following dimensionless parameters are defined:
Based on the above dimensionless parameters, the dimensionless governing equations including conservation of mass, momentum conservation in x and y directions and energy conservation for a two dimensional, laminar and steady flow are as follows:
where Re is Reynolds number, defined as and represents the importance of natural convection relative to the forced convection. Pr is Prandtl number, given as With regard to the geometry of the problem, the dimensionless boundary conditions are as follows:
On the bottom wall of the cavity U = À1, V = 0, 
Nanofluid properties such as density, heat capacity, volume expansion coefficient, diffusion coefficient, effective dynamic viscosity and thermal conductivity coefficient [47, 48] , are obtained from the relations 6 to 11, respectively.
Thermal conductivity coefficient of nanofluids for variable properties model is [49] :
c is the experiment constant that for water-Cu nanofluids used in the present work is obtained 36,000. d f , and d p are the diameter of water molecules and Cu particles and equal to 2 Â 10 À10 and 100 Â 10 À10 , respectively. u p is Brownian motion speed.
Numerical simulation

Lattice-Boltzmann method
The Boltzmann equation consists of two parts: distribution and collision. In the distribution step, the distribution functions proceed in their velocity direction to the adjacent nodes and the collision step represents particle collision with each other at each node in a way that the conservation of mass, momentum and energy laws is satisfied (Fig. 2) . In the present work, the two-dimensional grid model or the so-called D 2 Q 9 grid is used for both stream function and temperature [50] .
In the present study, the passive scalar heating model is used in the lattice Boltzmann method. In this model, the two separate distribution functions are used for flow and temperature fields. f and g are the distribution functions for the flow field and temperature, respectively. The f distribution function is used for calculating density and velocity field and the g distribution function is used for calculating temperature field.
The governing equations in the lattice Boltzmann method for flow and temperature distribution function are as follows:
c i , and Dt represent the discrete velocity vector and grid time step, respectively. s c , and s m represent the relaxation times related to the flow and temperature field.f eq i , and g eq i indicate the local equilibrium distribution functions which are calculated for the flow and temperature fields as follows [37] :
where q, T and u are the density, temperature and macroscopic velocity vector, respectively and the weight functions x i for the 
By using the expansion of Chapman-Enskog, the NavierStokes equations can be derived from the proposed model. With this expansion, the kinematic viscosity and thermal diffusivity coefficient are expressed as follows:
In this study, the Boussinesq approximation is applied for the buoyancy force. The buoyancy force in vertical direction is as follows:
In order to ensure that the simulation occurs near incompressible regime, the characteristic velocity of the flow for both natural, V narural ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi gbDTH p , and force, V force ¼ Ret=H, regimes must be smaller than the fluid speed of sound. In the present study, the characteristic velocity was selected as 0.1 of sound speed.
The macroscopic quantities such as density, temperature and velocity vector are calculated by using the following relations: Table 1 Thermo-physical properties of the base fluid and nanoparticles [46] .
Thermo-physical properties
Water Cu
Independence results from grid
To find a suitable grid that leads to the autonomous results from grid and in order to determine the appropriate grid size, the average Nusselt number of water-Cu nanofluid in the cavity with various grid point numbers for Ri = 0.1, u ¼ 0:04 and c ¼ p=2 is presented in Table 2 . As can be seen, the discrepancy of the average Nusselt number between the grid with 120 Â 120 points and the grid with 100 Â 100 points is about 0.012%. So the grid with the 100 Â 100 points is selected as the optimal grid.
Validation of results
In order to validate the computer program results, the problem geometry of Sivasankaran et al. [51] and Abu-Nada and Chamkha [52] with our program is simulated and the results are compared in the form of temperature and flow field and the average Nusselt number in Figs. 3 and 4 and Table 3 , respectively. As can be seen in these figures and tables, a good conformity is obtained with the present work. It is also important to mention that the convergence criteria for velocity and temperature are calculated by Eqs. (23) and (24) .
Results and discussion
In this section, the results such as the stream lines, the isotherm lines, the local and average Nusselt number diagrams, the velocity and temperature diagrams in the middle of the cavity and comparing the average Nusselt number for two models of nanofluids, constant and variable properties in terms of parameters such as the Richardson number, Grashof number, Reynolds number, volume fraction, and sinusoidal phase change temperature are presented and discussed.
Study of the flow and temperature field
In Figs. 5 and 6 the stream lines and isotherm lines in constant Grashof number 100, the Richardson numbers 0.01, 0.1, 1, 10 and 100, and the temperature phase deviation c ¼ 0, c ¼ p=2 and c ¼ p are indicated. Since the Richardson number in mixed convection represents the amount of the influence of the natural convection to the forced convection, by reducing the Richardson number in constant Grashof number, the Reynolds number increases and the forced convection overcomes natural convection. As seen in Fig. 5 in low Richardson numbers due to the forced convection overcome natural convection, the temperature phase deviation change has no effect on the flow pattern. In c ¼ 0 and in high Richardson numbers, stream lines in the center of the cavity are as a circulation which is stretched in vertical direction due to forced convection have more effect than the natural convection. By increasing the Reynolds number, the speed of the top and bottom walls is increased and the flow of nanofluids is more stretched horizontally and circulation strength increases. The stream lines for all Richardson numbers near the top and bottom walls are denser due to the faster flow velocity in these areas. In Fig. 6 , by reducing the Richardson number for all temperature phase deviations and in constant Grashof number, heat transfer increases. Also for the proposed phase deviation, the temperature gradient of pure fluid is steeper than nanoflu- ids along the side walls due to augmentation of the volume fraction of the nanofluids. Fig. 7 shows the dimensionless temperature in horizontal direction in the middle of cavity for Richardson number of 0.01, 0.1, 1, 10 and 100, the temperature phase deviation of c ¼ 0, c ¼ p=2, c ¼ 3p=4, and c ¼ p, and the volume fraction of 0.04. As can be seen, by decreasing the Richardson number for all temperature phase deviations which are considered, the maximum dimensionless temperature increases due to the Reynolds number increases and so the forced convection is dominant and the temperature gradient near the side walls increases. Since the phase deviation of the left wall is zero, temperature in the middle of the left wall becomes zero and after that the wall temperature increases abruptly. Also when the Richardson number decreases, the maximum dimensionless temperature occurs close to the walls. Because in low Richardson numbers a thinner boundary layer and a stronger temperature gradient occur, which leads to an increase in temperature gradient and approaches the maximum temperature to the wall.
Study of dimensionless temperature at the center of the cavity
Investigation of local Nusselt number on side walls
In Fig. 8 the variations of the local Nusselt number along the left and right walls of the cavity are illustrated in Richardson Figure 3 The isothermal lines for (a) present study, (b) Sivasankaran et al. [51] in Pr = 0.71 and Ri = 1 and c ¼ p. Figure 4 The streamlines for (a) present study, (b) Sivasankaran et al. [51] in Pr = 0.71 and Ri = 1 and c ¼ p. In this figure it is evident that the effect of the temperature phase deviation change on local Nusselt number of the right wall is more than the left wall. Because the temperature phase deviation change only occurs on the right wall. In terms of heat transfer, the side walls are divided into two distinct parts which are named hot and cold areas due to the temperature phase deviation. For the left side wall because of the zero phase deviation, the wall is divided into just two parts: hot (lower half of the wall) and cold (upper half of the wall). In Richardson numbers 1, 10 and 100, by increasing the temperature phase deviation, the heat transfer increases in the hot part of the wall.
With an increase in the Richardson number, the effect of the raising phase deviation on heat transfer of the cold part of the wall reduces, so that the increasing phase deviation in Ri = 100 has little effect on heat transfer in the cold area. When the Richardson number decreases this process is reversed gradually in a way that in the Richardson numbers less than one, the heat transfer from the hot wall reduces while the heat transfer to the cold area of the wall increases. By reducing the Richardson number, the maximum heat transfer of the hot and cold areas of the wall, increases.
Study of the average Nusselt number
In Fig. 9 the average Nusselt number along the right wall of the cavity is indicated in Richardson numbers 0.01, 0.1, 1, 10 and 100, the temperature phases deviation c ¼ 0, c ¼ p=2, c ¼ 3p=4 and c ¼ p, and the volume fraction of nanoparticles 0 to 0.06. As can be seen, in all Richardson numbers and temperature phase deviations, by increasing the volume fraction of nanoparticles, the heat transfer rate improves. Also for all Richardson numbers in constant volume fraction of nanoparticles, by increasing the temperature phase deviation from 0 to p=2, the average Nusselt number and thus the heat transfer rate increase. Also by increasing the temperature phase deviation from p=2 to p, the average Nusselt number and the heat transfer rate decrease. The maximum Nusselt number and heat transfer rate for all Richardson number occur in c ¼ p=2 due to the motion of the upper and bottom walls. Figure 9 The average Nusselt number in terms of the volume fraction of nanoparticles along the right wall in different Richardson numbers and temperature phase deviations.
Comparing the average Nusselt number for constant and variable properties models of nanofluids
In Fig. 10 , the variations of the average Nusselt number for constant and variable properties models of nanofluids are shown in Richardson numbers 0.01, 0.1, 1, 10 and 100, the temperature phase deviation c ¼ p=2 and the volume fraction of nanoparticles 0 to 0.06. As already mentioned for constant properties, the Brinkman model [47] for viscosity and the Maxwell model [48] for thermal conductivity coefficient are applied and for variable properties, the Brinkman model [47] for viscosity and Patel et al's model [38] for thermal conductivity coefficient are used. As can be seen in Fig. 10 , for all Richardson numbers, the obtained Nusselt number in constant properties model is greater than the variable properties model due to higher estimation of the thermal conductivity coefficient in constant properties model. It should be noted that for both models, the average Nusselt number increases by decreasing Richardson number in which the heat transfer rate in the cavity increases. 
Conclusion
In this study, mixed convection heat transfer of water-Cu nanofluid in a double lid-driven cavity is examined by use of the lattice Boltzmann method. The double lid-driven are adiabatic and the side walls have sinusoidal temperature distribution. Simulations have been done at constant Grashof number 100 and different Richardson numbers, phase deviation, the solid volume fraction from and the Prandtl number of 6.57. Based on the numerical results, it was observed that:
In low Richardson numbers, the temperature phase deviation change has no effect on the flow pattern, but by increasing it, the effect of the temperature phase deviation change on the flow pattern is evident. By reducing the Richardson number, a severe temperature gradient along the side walls is taken place and the Nusselt number and heat transfer increase. For all Richardson numbers and in all temperature phase deviations, by increasing the volume fraction of nanoparticles up to 6%, the heat transfer rate improves. By reducing the Richardson number for all temperature phase deviations, the maximum dimensionless temperature increases. By reducing the Richardson number, the maximum dimensionless temperature is occurred near the walls. The maximum Nusselt number and heat transfer rate for all Richardson number are occurred in c ¼ p=2 due to the motion of the upper and bottom walls. For all Richardson numbers the obtained Nusselt number in constant properties model is greater than the variable properties model. 
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